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In 1934, Walsh noted that the Taylor polynomial of degree # can be obtained by
taking the limit as ¢ — 0+ of the net of nth degree polynomials which best ap-
proximate f in the closed discs | z| <7 e. Later, this result was generalized to
rational approximation. In a recent paper, Shisha and the first two authors
generalized this idea to the idea of best local approximation. In this paper, using a
different technique, we study this problem in the L, setting. Consequently, better
results follow under weaker hypotheses.

1. INTRODUCTION

When studying spline or piecewise polynomial approximation, it becomes
apparent that the behavior of the approximants on small intervals is of great
importance. Very little is known in this area. In this paper, we study this
problem in the setting of best L, local approximation.

Let M be a class of functions in L,[0, 6] where 8§ > 0. Suppose that for
each € €(0, 8], a function fin L,[0, 6] has a best 1,[0, €] approximant pff)
from M. If as € — 0%, the net { pf)} converges (in some sense) to some
function py(f) € M, we say that py( f)is a best L, local approximant of f (at 0).

In [2], this problem was introduced and studied when the supremum
norm is used. In the present paper, we use a different method to study
the L, case. Consequently, “better” results can be obtained under weaker
conditions. More generally, we consider the set Py(f) of cluster points of
the net { p.(f)} as e — 0*. Examples can be obtained to show that Py(f) may
be the empty set, a singleton, or a linear convex set with more than one
element; but it is not known, even in the “simplest” case if Py(f) is a convex
set. Much is left unexplored due to the diverse nature of this problem.

In Section 2, we will prove the main theorems, including conditions to
guarantee that Py(f) is a singleton. In the Section 3, we will give a very preli-
minary result on Py(f) and will show the connection between best L, local
quasi-rational approximants and Padé approximants.
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2. MAIN RESULTS

Let w,,..., u, € C*1[0, 8] for some positive 8 such that the wronskian
matrix

u(x) o ua(x)
Wn(ul EARES} un 9 x) - [ulr(x) un/(x)
uin—l)(x) u(nn—l)(x)

satisfies the condition det W, (u; ,..., u,, ; 0) 5= 0. Set W, = W, (u, ,..., u, ; 0)
and let S, = S,(u; ...., u,) be the vector space spanned by u, ,..., u,, . Hence,
S, is an n-dimensional subspace of L,[0, 6]. For an fe L,]0, €], 0 < € < §,
we denote by p.(f) the (unique) best L,[0, €] approximant of f from S, ,
ie., Hpe(f) _f”s = lnf{”p 7fl‘}s 4 esn}v where | -]l = {, '>§/2 and
{fy 8> = f; fg. In this section, we will establish the following results.

THeOREM 2.1. Let fe C'-1[0, 8] where 8 > 0 and 1 <. [ < n. Then for
eachj, 0 <j<<I—1,

lim (p(f) =) (0) = 0. 2.1

Now let ¢; = [0,..., 0, 1, 0,...,] with 1 at the jth entry and [¢; 1 ,..., ¢, )7 =
W, te;”, where, as usual, the superscript T indicates the transpose of a matrix.
From the above theorem, one can easily obtain the following

THEOREM 2.2. Let fe C"10,8). Then the net {pff), 0 < e <3$,
converges uniformly in some neighborhood of 0 to some p(f) € S, as € — 0Ot
Furthermore,

n n

polf) = 2 Z ¢ f0) 1y (2.2)

=1 k=1

It is clear (cf. [3]) that if det W, 5 0, then {u, ,..., u,} satisfies the Haar
condition on some interval [0, ¢,] where 0 < ¢, <C 8. We will next show that
if {u; ,..., u,} satisfies the Haar condition, then the condition det W, # 0
is necessary for the existence of best L, local approximants p(f) for every f.

THEOREM 2.3. Let {uy ,..., u,} satisfy the Haar condition on [0, 8], § > 0.
Then det W,, 5= 0if and only if the net { p{f)}, as € — 0%, converges (uniformly
on some [0, €], €, > 0) for every fe C*1[0, 8].

In order to prove the above theorems, we need several lemmas.
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Lemma 2.1, Let D,(¢) be the determinant of the Gramian maitrix

SRR VRS N Lt

/l‘“'l ] f’tn——J f“‘ <’tn-~1 tn—1>
~ s 4 * C€ N 3 7€
Then D,(¢) = C, €™ where
. ! 2 n—1
Com [ o[ o™ [ oy —pddvy o dyy @23
0 0 1E<jn
is a non-zero constant independent of e.

Proof. Consider the function

X1 X372 e x,"/n
X,%2 X33 e XY (e - 1)
f(xl srees Xn) ==

xn”/n xrt(n 4+ n - xfl”‘l/(Zn — 1)

It follows that

- n-1

i Xy Xj
f‘l """" n(xl yeres .\-”) e
n—1 - N 202

Xn '\n ’xn

XXyt e Xy H (x; — x))

1Li<gn

where the subscripts of findicate partial derivatives. Hence,

€ €
Do) = flemd) = [ o [ g xi [T (5 — x) dxy - dx,
Yo 0 1i<ign
= Cpe’

as asserted. It is clear that C,, = 0.

LemMa 2.2. Let A = (a;;) be the n X n matrix

| 2 n
2 3 n -
n n-+1 2n — 1

2

and let (jy ,..., j) be any permutation of (1, 2,..., n). Then ¥;_, a; ; = n*.

The proof of this lemma is clear by observing that a;; =/, +i— 1.
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Lemma 2.3. Let ge C[0,38], 6 > 0, such that g(t) = o(t* 1) as t — O,
where 1 <1 << nand let Di( g, €) be the determinant of the matrix

<13 1>e T <]’ tk“2>s <1’ g>e <I,tk>5 <l,tn_1>5

<t11—1’ 1>€ <t"_1, tk_2>e <tn~1, g>E <t"_1, tk>e <t"_1, tn*1>e
Then Di( g, €) = o(e™) as € — OF, for each k = 1,..., 1.

Proof. Let 8(e) = max{[o| g(t)| t dt/e*+:0 < j < n — 1}. For1 <k <1,
it is clear from the hypothesis that 8(e) tends to 0 as € — 0*. Now expand the
determinant and estimate term by term. Then by using Lemma 2.2, we have
| Di((g, ) < () e forl <k <.

Next, we consider a change of basis. Let [¢;;,..., ¢; 07 = W;leﬂ‘ be as
defined previously and let

=0 DY cur, (2.4)

i=1

1 << j < n. The following lemma is self-evident.

LemMMmA 2.4. For each j = 1,.., 1, v{t) = t=1 + o(t") as t — O+,

By using the above lemma, we immediately have

LemMMA 2.5, Let fe C10, 6], 8 > 0, where 1 <1 < n. Then

f(O) = X fO0) 00/ — DY - o)

ast-» 0+,

Next, we have the following estimate of the Gramian determinant of the

basis {vq,..., v,}. It follows from Lemmas 2.1 and 2.4 and the proof of
Lemma 2.3.

LevMmA 2.6. Let D,(vy,..., U, ; € be the determinant of the Gramian
matrix
<Ul k] Ul>e <U1 B Un>s
<l’n ) l‘l>€ <l’n * Un>s

Then D (v; ..., 0y 5 €) = (C, + o(1)) € as € — OF, where C, is the nonzero
constant given in (2.3).
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With the above preliminaries, we can now prove the main results. Clearly
{1 5..., Uy} is a basis of S, . Let fe C-1[0, 8] and write p(f) = S p_; vl -
It is well-known that

1
Up o T
Dn(ul seers Ups 5)
2 . . , - O, T - . O o
<l’1a Uy)e s Vi e \11:_//’5 Ops Cpeg e s Unse
>< ..................................
<Un s Ul>e <"n s Upe1/e SUns f/e Wns Upgyoe <L'n > Ln)e

N/, k; €).

Doty s Ui €)

From Lemma 2.5, we have

h—1)
R

Doy ,..., vy €) = Nyfo(t'), kj e).

By a proof similar to that of Lemma 2.3 and by using the estimates v;(t) =
-1+ o(17), we have N,(o(t'Y), k; €) = o(e") as e — 0+ for 1 < k < I
Hence, using Lemma 2.6, we have o, - f%U(0)/(k — 1)! + o(1) as
e — 0t. That is, forj = 0,..., 1 — 1,

(2D =N O = 3 2.0 — 170)
= [l — OO =0

as € — 0. This completes the proof of Theorem 2.1. In particular, if / = n,
then p.(f) = Y. oz converges component-wise, and hence, converges
uniformly in some neighborhood of 0. The limit function py(f) is clearly
given by (2.2) by using (2.4). Hence, we have Theorem 2.2 and one direction
of Theorem 2.3. To complete the proof of Theorem 2.3, we note that
{plf) —f,u. =0 for every ueS,, and by standard arguments, since
S, is Haar, p.(f) — fhas at least n sign changes on [0, €]. By applying Rolle’s
theorem and taking € — 0*, we have ( po(f) — f)¥(0) = 0forj=0,...,n — 1.
Hence, for all choices of (f(0),..., f*(0)), there always exist (g ,..., ay)
such that, writing po(f) = Si1 axtdy» Wwe have Wyplay ..., a,)7 =
[f(0),..., f-D(O)]T. That is, W, is invertible.

It should be mentioned that the hypothesis on the system {u,,..., u,}
can be slightly weakened. In particular, Theorems 2.1 and 2.3 still hold if
if we assume instead that w, ,..., u, are linear combinations of sufficiently
smooth functions v, ,..., v, having the property that v(r) = =2 + o(t™)
ast—> 0% j=1,..,n
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3. BestT LoCAL APPROXIMANTS AND CONSEQUENCES

As in Section 2, let S, be the space spanned by C»-1[0, 8] functions,
Uy ,..., 4, , whose wronskian matrix evaluated at 0, denoted by W, , is
nonsingular. Let f'e L,]J0, 8] and p(f) be the (unique) best L,[0, €] approxi-
mant of f from S, . If fis smooth enough at 0, say of class C*1[0, 8], then
the net { p.(f)}, as € — 0%, has a unique cluster point, namely the best L, local
approximant py(f) of f. If we consider the function f(¢) =15, n — 2 < a <
n — 1, it is easy to show that the net { p(f)}, 0 < e < §, of best L,[0, €]
approximants from the space of all (algebraic) polynomials =, with degree
no greater than # — 1 has no cluster point. Hence, the condition C"-1[0, 5]
in Theorem 2.2 cannot be weakened to C#[0, 8] with « << n — 1. However,
the condition that fe C*»-1[0, 8] is by no means necessary for the existence
of best L, approximants. This can be seen from the example f(x) =
xsin(l/x) and S, = m,; in this case by using the Riemann-Lebesgue
Lemma, it is easy to show that p(f) = 0.

For fe L,[0, 8], we let Py(f) be the set of all cluster points of the net
{pf)}, as ¢ — 0. We have seen examples where Py(f) is a singleton and
where Po(f) = @. We will next show that P,(f) may consist of a continuum
of functions.

EXAMPLE 3.1. There exists an f[f*eC=0,11N C[0,1] such that
card Py(f*) > 1.

Proof. We first construct a discontinuous function f having the required
property. Let {p;} be a positive sequence converging to 0 and set p, == 1.
We only consider the case when S, = ,, the space of all linear poly-
nomials. Let P = P, be the metric projection onto m,. We define f(¢)
to be -+t and —¢ alternately so that | f(t)] = ¢ << 1 on [0, 1] as follows:
First let f(¢) = t on (8, , 6,] where 8, = 1 and 6, € (0, 1) is chosen such that
| P(f)(#) — tlls, < po - Even though f'is not defined on [0, 6], the absolute
continuity of the integral along with the fact that | | <C 1 assures that the
above inequality makes sense. On (8, , §,], we let f(t) = —¢ where 3, € (0, ;)
is chosen such that || P(f)() + |5, < p;. Using induction, we have a
sequence 6; > 8, > - > 0, 8,, — 0, such that f(z) = (—1)"¢on (6, , 5,]
and such that || P(H)(@) — (—1)* ¢ s, < pa - Hence, Py(f) contains the func-
tions # and —¢. By using standard smoothing techniques, we may change
fto f*e C=(0, 11N C(0, 1] so that 1, —t e Py(f*).

We next show that under certain circumstances, Py(f) is a linear convex set.

ProposiTioN 3.1.  Let fe L,[0, 8], 8 > 0, such that

PP =Y
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where o; o — o;, as € - OF, for i = 1,..,n — 1. Then Py(f) is convex (a
line segment or empty).

Proof. Suppose that Py(f) is not empty and that u, v € Py(f). Then we
need only show that (1 — A u + Av is in Py(f) for all A, 0 <A < 1.
Note that u = Bu, + Z;:ll ou; and v o= yu, + ZZ: a;u; . By definition,
there exist n; — 0% and 8; — 0% such that p, (f) — u and p;(f) > v as
i — 0. Since p.(f) is continuous as a function of e (cf. (2.5)), by the Inter-
mediate Value Theorem, for each A<= (0, 1) there is a sequence £, — 0+ such
that

n—1

Pl =10 =N B+ Ml ¥ vty

It follows that p (f) — (I — A)u + Ao, or (1 — A) u -+ Av € Py(f).
By applying Theorem 2.1 and the above result, we have the following

ProposiTION 3.2. Let S, be the subspace of C* 10, 8], 8 > 0, functions
with a basis {uy ,..., u,} such that det W, (u ,..., u, ; 0) % 0. Let fe C*2?[0, 8].
Then the set P f) is either convex (a line segment) or empty.

Next, we apply the results from Section 2 to quasi-rational approximation:
Let P and Q be finite dimensional subspaces of continuous functions on
[0,8], 6 >0. Let m = dim P, n = dim Q and suppose that dim @, == n, =
n— 1, where Q, = {ge€ Q: q(0) = 0}. Let O, == {g e Q: q(0) = 1}. For an
f€ L,[0, 6], we consider the following minimization problem:

inf{llfg —plc:pe P, qeQy, (3.1)

where 0 < € << 8. By a standard argument, it is easy to show that this
problem always has a solution. If, in addition, the space

Ry ={fqg +p:peP,qgeQ (3.2)

is a Haar subspace of continuous functions on [0, 8], it can also be shown that
the solution (p.f), g.(f)) is unique, and will be called the best L,[0, €]
quasi-rational approximant pair of ffrom P X 0, .

Now, let P, ¢ C C™"2[0, 6] where m > 1 and n = 2 and {p,..., pu}>
{41 5> qn,} be bases of P and Q, respectively. For fe Cm+"-2[0, 8], let
$; = fgi—m for m < i <<m +ny. Then {¢, ..., ,..r } spans R;. Assume
that the wronskian matrix W(f) = W, 5 (¢1 s Pmin, 3 O} f {by ooy brnin,}
evaluated at O to be nonsingular. Then it follows that R, is a Haar subspace
with dimension m - n, (cf. [2]). Hence, f has a unique best L,[0, €] quasi-
rational approximant pair ( p(f), g{f)) from P x Q,foreverye, 0 < e < 8.
By a proof similar to that given in [2] and by using Theorem 2.2, we have the
following
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THEOREM 3.1. Let fe C™t*2[Q, 8], & > 0, be such that det W(f) # 0,
and let (pdf), g{f)), 0 < € < 8, be the best L,[0, €] quasi-rational approxi-
mant of f from P X Q,. Then the net { pf), g{f)}, as € — 0%, converges
uniformly on some neighborhood of 0 to a pair (py(f), q(f)eP x Q.
Furthermore, for eachj = 0,..., m + ny, — 1,

(fglf) = Po(S))(0) = 0. (3.3)

The equations in (3.3) are the Padé equations (cf. [1]). In [2], it is shown
that if f(x) = ay + =~ + Guenx™™ + O(x™*™) is in C™7[0,8], § > O,
then

det W inaa(l,e, t™, f(t) £,..., f(£) £™; 0)
ay, -1 Ut Apenit

ﬁ '(m+l)1 ...............

Apin-1 Amin-g 77 A,

Il
) :|§

where a; = 0 for j << 0. Hence, we have the following

THEOREM 3.2. Let P =7y, Q = mpy and f(x) =ay + -+ +
A X o(x™7) € C™+[0, 8], 8 > 0, such that

(22 [/ o Apenyl
Ami ap t Ame_nez £0
am‘:rnfl am+n-42 ot am

where a; = 0 if j < 0. Let (p., q.), 0 < e <8, be the best L,[0, €} quasi-
rational approximant of f from P X Q,. Then the net {( p., q.)}, as € — 0%,
converges uniformly on some neighborhood of 0 to the [m/n] Padé approximant

of f.
4. FINAL REMARKS

In Proposition 3.1 we show, under rather restrictive hypotheses, that
Py(f) is convex. It is not at all clear whether Py(f) is convex in general and
in fact it is not even known whether Py(f) is connected. These questions
seem to deserve further study. The analogous problems for L, , p % 2, oo,
are still open.
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